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Two problems are treated with a common formulation: the effect of a sinusoidal load (with
a time factor of the form exp - wt) transmitted through a weightless (and inertialess) rigid
punch of circular planform lying on the homogeneous isotropic half-space (z > 0). The
vibrations are steady-state, and the effect of the static load is not considered, it being
assumed that its magunitude is sufficient to maintain contact in the case where the punch is
not joined to the half-space. For brevity, henceforth when we speak of vectors (or their
projections), we shall mean their amplitudes. The actual! values are obtained by multi-
plying by exp (<€ wt). In the fundamental mixed problem it is required to find, for a known
distribution of the displacemen} vector W {w, u,, u, ) in the region of contact Q the dis-
tribution of the force vectorp 1 p, ¢ (p is the pressure, t,, t, the tangennal
forces) in this region. In particular, if there is bondmg, ({ In the other problem
(a punch without friction and bonding) we have ¢, = 0 an({lt isrequired to find only
p=plxy)for a known w = wx, y) in the regionQ

A unified treatment of these problems is given in deriving the integral equations and
developing an approximate method for their solution (which is applied to the second
problem).

1. The proposed method consists of the following. The system of equations of the
fundamental mixed problem (in vector notation, of course) takes the form

w(r) :RSK (r—r)p(rds, reQ (1.1)
n

Here K (r —r”) is the difference matrix kernel. The columns (K°, K%, K?) of the matrix
K (t) represent the displacement vectors due to the effects of concentrated unit forces
applied at the origin and directed along the axes z, x, y, respectively. It is therefore clear
that the kernel X (r) is singular (with » weak singularity). By separating out the singularity
it is possible to reduce (1.1) to a system of equations of the second kind. It will sub-
sequently be shown that the terms in K (r) containing singularities correspond to the static
problem. Therefore .!f the solution of the static problem is known, then the transition to a
system of equations of the second kind can in fact be carried out. In order to find K (r) we
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Elastic half-space vibration 645

solve the following system of Lamé equations (in rectangular coordinates)

A v di Aw 2w = () (p is the density of the
¢ WwR oo elastic medium) (1.2)

for the conditions

(62, Tzxs sz) = (P, T, Ty) é (z) 6 )]

(1.3)
The calculations lead to the following result:
P 1 +00 +00
w = KP, Pz[;‘i], szg Sdadﬁexpi(ax—}-ﬁy)x
£ @), a8 (1%, iB6 (1?)
x| — 08 (v, VH (y) + Yy (@ — %) Z (v}), aBz (v?) | (1.9)
—~ ip8 (13, apZ (v%), Yo H ()1, (*—B?) Z(1¥)
(1= Voa+ %)

The functions £, ®, H, Z of the argument 7y ? appearing here represent the quotients
obtained by dividing the functions E_ ,@., H,, Z,, whose expressions are given below,
by the product (12 — k,?)2R (%), where R is the Rayleigh function

R(1) = @* — k) — 412 (1 — k) (12 — k)™ (1.5)
(k, and &k, are wave numbers).

The expressions for £_,0,, H,, Z, are

' (1.6)
Ee (%) = — k2 (1* — k)" (12 — k2 Hy (13) = R (1?) — ke (Y2 — kyd)
8, (12) = (21 — k?) (v — k)t — 2 (12 — ky?) (v — kyD)'e
1Ze () = —R(M) — k2 — k) (ky=0Vp/A+2p kh=0Vp/p

The radicals appearing in these formulas are single-valued functions of ¥ on the
Riemann surface consisting of four sheets, corresponding to the four sign combinations.
The sheets are joined along a cut which is drawn in an appropriate manner. We will use
a set of cuts which was applied by A. Sommerfeld to a problem of radio-wave propagation
[1] (p. 945). The double Fourier integral in (1.4) may be reduced to a single integral by
transforming to polar coordinates in the a, 5 plane and performing the integration over the
angular variable. In this calculation and inthe sequel it is convenient to deal not directly
with the vector displacements and forces, but rather with the following complex combina-
tions of them

wy = u v, wy = ou—in, =t iy, tg =ty —it,  (1.7)
Then
w » | +00 400
w | =AYty |, A= i S S da df exp (az + Py) X
Wy Yaty

T (1.8)
y [ E (v?), B + ia) 8 (17, (—B+ ia) © ('r’)]

B — ia) 8 (12, H (1%, — B -2z
(—B — io) 8 (19), — B+ 22y, l H((q;”)
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Expressing the integrals in polar coordinates, we obtain

~ 3 (1.9)
B Jy (i), — YO (AL (1), =18 (1) J, (17)
oo 2
Az, 4) = ﬁ%g yay | 51O OG0, HG) Ty ), = = 12 (%) Ty (1)
= 2
T8N I, — w1 4 (o), H () Jo (1) |

where - -
t=z+1iy, z=z—iy, r=|z|=VaF §f

There is no danger of confusion with the spatial coordinate z, since the latter never
appears in the formulas. To calculate the asymptote of this kernel, one may, as shown in
[1], transform to the interval (— oo, + oo) in the Hankel functions H'Y (1r), using the
relation of the circuits. A formula for A (x, y) is then obtained which differs from (1.9) by
the multiplier in front of the integral: 1/47yu instead of 1/27 1, whereas the Hankel
function H' (y7) with the corresponding indices will appear in the integrands. We will
not write out this formula, since we do not aim to present a complete detailed treatment of
the asymptote. We note only that for a concentrated normal force P = (P, 0, 0) the asymp-
totic displacement was investigated by Lamb [2]. We also note that in calculating the
integrals the original path of integration (-— o0, - o0) is deformed, remaining in the upper
half-plane. As a consequence of this the integral includes the contribution of the pole
associated with the root of the equation R (y%) = O in the right-hand quadrant. In cal-
culating the integrals appearing in (1.9), however, this pole is bypassed from above; thus
each of these integrals is equal to the principal value minus the product of i7 and the

residue corresponding to this pole. Hence the vector equation (1.1) reduces to

w . r
[wx] (z, y) = SXA (x —&y—m) [’/m} (&, M) d& dn (1.10)
w2 Q l/ztg

2. For arbitrarily shaped regions {1, there is no effective analytical method of solving
these two-dimensional equations. A simplification is possible for the case of a circular
region, however. With this aim we expand the force vector (p, £ ty) in a Fourier series in
¢imd oo

— im8
@ty te) = D) (fyy () & (1), By (7)) €T
~=00

(2.1)

For each of the components o = & (1) e""e, tom = hp (7) ™ we have

tim = L8 (1) ik, (N1t = g (1) — iRy, (D] ™D (2.2)

We note further that
wy = u -+ iv = (u, + iug) et wy = u — iv = (u, — iug) e 10
Introducing these values in (1.10), where z should be replaced by z — ¢ = ret? — peid"
etc. we perform the integration over the angle i/ with the help of Graf’s addition theorem

[3] (p. 392). We give only the result of the calculation
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2w a 2fm
2»[ u, & iug ] 0 ={amc, p)[g,,.+ ih,, ](p) pdp

ur — lUy 0

. 2.3
T (2.3)
Here the index m denotes the Fourier coefficient {of eimo). The kernel A™ is a

matrix with the following elements:
©0

Ag™ = 2 SE (%) T (17) Tm(10) T T, Ag™ =
0

6 (1% J., (10 J,, (1) YRy

ce 8 OMS

o]

Ap™ = S 6 (13) J,4, (10) T, (1) Y2 Y, Au'™ = \ H (%) Ty (17) Ty (10) T Y
S o

Ap™ = S 8 (13) J,,,_, (1P} T, (xr) 12 a1, Ay™ = S H (1) Ty (O01) Ty (10) 1Y
i o

Ae™ = § 8 () Ty 1) T 2t AR = — 2.0 Ty (1) Ty (vo) Py
0 0

Aa™ = — 2.0 7,04, (10) T gy (1) ey
0

(2.4)
The remark made at the end of the first section holds for the calculation of these

integrals. It would have been possible here to express (w, u,, ug),, directly in terms of
(f, g b ) » but the formulas for the elements of the kernel would then have been com-
plicated. The notation would be even more complicatedif we went from the complex form
of the Fourier series to the real form. Only in the case m = 0 is there a simplification

o=l Elealllome wo-gimeoos
U, (ry = o VKo Ki P (0) pdp, uy (1) = m as (ry P) 2 (p) dp
0 0 (2.5)
(the subscript m = 0 is omitted here). In these equations
[o0]

k2 (72 — kY
Koo = —\ SO 5 ar) g, tre) vy
0

o ko2 2 _ k 2
K=\ S o v, K= {18 00 20 () 7 e o
]

(2.6)
J1 (rr) Ja (1p)

Ky = \ 1%0 (1) Jo (vp) J1 (1) dr, Ka=) " oy
- i3

Y dY

o8
cmg cmg

Equations (2.5) may be considered as the equations of the axisymmetric problem,
where the first of equations (2,5) describes the indentation of the punch, while the second
describes torsion (the Reissner-Sagoci problem). The resolution of the system of integral
equations into two independent systems corresponds to the decomposition of the system of
Lamé equations in the axisymmetric case. The vanishing of R {y?) in the second of equa-
tions (2.5), which is clear from the physical point of view, depends on the fact that as a
consequence of formula (1.6) we have

HO) —1Z (%) =2 0% — k)"
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The solution of the system (2.3) even in the simplest axisymmetric case (2.5) turns
on the absence of any simple exact solution of the static problem. Cumulative approximate
quadratures will unavoidably reduce the accuracy of any numerical algorithm. Therefore we
will restrict the description of such an algorithm to the problem of indentation of a punch
without friction and bonding.

3. In the case g, =h, = O we have
a [e ]
wn ()= 1 0 a0 {2 (1) 7, (1) 7, o) vy (3.1)
0 0

It is clear that in this equation w,, {r), f, () may be considered to be the coefficients
of a real Fourier series, i.e. as the coefficients of cos m @ and sin m0,

This equation may also be obtained directly from the results of Lamb [2] with the
help of the addition theorem. The axisymmetric problem without friction and bonding was
effectively solved by N.M. Borodachev [4]. In that paper Hankel transforms were used to
reduce the problem to a pair of integral equations. The pair of integral equations were then
reduced to an equation of the second kind (by the method of N.N. Lebedev) for a certain
auxiliary function. Calculation of the pressure required additional numerical quadratures.
The method developed below differs from Borodachev’s method in that only the single
equation (3.1) is used, which contains directly the sought-for pressure through the unknown
functions f, (r). Equation (3.1) is transformed directly to an equation of the second kind
by separating out the singularities of the kerel.

In order to simplify the subsequent calculations we change to dimensionless quantities

by setting

r=gqx, p=af, ky=a/a, h=k/k fm (r) = p.Hm (x), w (r) - (1(Dm (z)

3.2
Making the further substitution y = k,s inside the integral (3.1), we obtain ©-2
1 oo N—
— o Vst — h?
O () = \ T ® 82| =205 = 0 @) 7, o) ds
0 0 (3.3)
F(s)=(252 — 1) — 4s? (s2 — 1) (s2 — i)'
In the neighbourhood of s = © we have
—as V2 a
= — G ; Eee
Fe pa—m W G0 (3.9
Here G is a regular function. Equation (3.3) takes the form
1 oo
1 . .
TA ) o ® B\ J,n(ah) T (1) =
) o
’ @ (3.5)
= O ()4 | i @) 228 | U1 (329) T (029 6 (5) s
0 )

The kernel on the left-hand side is a special case of the Weber-Shafkhaitlin integral
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[ o]
W, 0 @ 8 = (7, by 7, @y A

For the equation 0

1

le@w,D@na=1w

0

the inversion formula [5] is known

- 21—7‘ Iq
®(@) = o x
r¢pt+r+p+alf ¢ +r+9—p)
1 t
o4 X 1P gy d ul*? f (u) du
dz ) (12 — g2)/s(1-T+27P) ]T& (12 — u3)r-Tee-0)
x 0

Substituting this formula into (3.5), we obtain an equation of the second kind
1

M @) = ¥ (@) + { K (2, 9) T @)y (3.6)
0
in which
1 . t
41— Ry 2™ d G 4 cutt™ o, (v
¥ (@) = — T (m 4+ /) I' (/) dz {S (2 — zz)‘/: dat S (2 — u’)'/' du} (3.7)
x ]

1
2(1 —m) V2™ d ¢ ™ \
Kp(z,y) = p((m T I‘azl/z) E;& Vi g {% G (5) T 1n (@z8) Ty ), (ast)(@s) " ds }dt
)

x

(3.8)
4. In the particular case of a plane inclined punch we have
w = wy -+ Prcos® = a (W, - Bz cos )
In this case
D = W,, ®, = pz (B is the angle of inclination
of the punch)
Here it is convenient to transform to the new unknown functions
Hy@ =) (1 — a9, Hi@ =1 ()0 — "
Noting that 1 — A% =% (1 — v), we obtain the equations
1
2w 2
Hy () = s — 57 ) Ko (5 ) Ho @) dy (4.1)
°
2B 2 ¢
Hy (x) Tan{d = [u—n(i —V)SKI (z,y) Hy (y) dy (4.2)
0

with kernels equal, respectively, to



650 V.N. Zakorko and N.A. Rostovtsev

1 00
y (1—an\'"* d ( tdt
Ko@) =+ (ﬁ?) E&jﬁ% G (0) J, (ay0) cos (at0) do  (4.3)
x 0
] 1 — a2\ d dt ,
Ki(x,y) =y (]—_—yJ ar \ W'__—;z& G (0) J, (ayo) sin (ato) do (4.4)
x [

We first consider equation (4.1) with the kernel (4.3). The zeroth approximation to the

solution of this equation is
2W,

0 _We
Ho™ =i —w)

This is related to the solution of the corresponding static problem
2uW,
a(l—v)aVa —r

In order to find the first approximation we calculate the integral

P (r) =

§K0<x y)dy=§—i(3—_—”’)l/'{ig‘;_ﬂ_—§oc(on (ay0) ¢ }
' z \ — 4 iz \VE — o (ayo) cos (ato) do dy
(] 0 x 0
Changing the order of integration, we obtain

q V1—a2d P tar ¢ sin ac

&K" (@ y) dy = z EXVttF {\ G (0)cos(a + 0) ao da} (4.5)

0 x 0
To calculate the integral

o]
sin a0
1 —.—.S’ G (0) cos (at0) ——— do

we use the theory of residues. We have
1
I = [nc (1 — cos aoy) cos ato, + S V (o) (1 — cos ao) cos (ato) du] —+
0

1
+ i[nc sin aog cos ato, -+ S V (0) sin ao cos (ato) da]
0

(cz—a%oresc(o)

Im G (o))

Vi) = ao

6=0,
where g, is the root of the Rayleigh equation F (o) = 0.
Now the function / =/ (@, ¢) may be expanded in a rapidly converging series in even

powers of t, whose (complex) coefficients, which depend on &, may be expanded in series

with respect to this parameter

oo L )gim 2
T@O= Y Pn@+ iQn@IE™ P = ot Sl ™ e (45
m=9 k=1
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(o]
_ (= )" o (m) 2k+1 o ™ = (—n* am+ gk
Qm @) = g7 — X &M, _(W [7000,™™" % + gamyx]
k=1 . (4.7
— )kt k- =
b m) — _((2k _) 1)' [ﬂOUo2m+2 t + ‘I2m+2k—1]v In= § |4 (0) ¢" do
Substituting for / (a, ¢) in (4.5) its expansion (4.6) and integrating, we have
1
(Koo dr = 3 1P @ + i0m @] M @
0 ) m=0 v (4.8)
Vi—a a ( o&m d ¢ .
(Mm (z) = po Hg det = n S using (1 — u? sin? (p)md(p)

x ]
(Vi—x2=u, Vi—t2=t)
The polynomials ¥, (x) are of even powers in u and are consequently even-power
polynomials in x. We give the first few polynomials
M, (z) = 1, My (z) = 2u? — 1, M, (z) = 8ut + 4u® — 1
Ms (z) = 10/5uo — 8ut + 6ud — 1 (u’ =1 — :rz)

It may be shown that | My, (z) | < const V'm, and consequently the series on the
right-hand side of equation (4.8) is majorized by the convergent series

2 (2m) 1 (G

We give below the results of calculating the coefficients P, (®) and Q,,(*) for
m=0,1,2, 3, 4, accurate up to terms in a'® for the case h2 = /3 (A =p, v = 1/)).
In this case gy = 1.0877, stic = 1.0248.Using the formulas (4.7) and & table of values of
n for B2 =1/ taken from reference [4], we find

Py (@) = 1.00680% — 0.07913a* 4 0.002665a® — 0.00005433a8 - ..,
Qo (@) = 2.3243a — 0.3186a® -+ 0.01622a% — 0.0004206a7 - , , .

o2
Py (0) = — 57 [0.949502% — 0.07986a* + 0.000312a% — . . .]
a2
Q; (@) = — 5 [1.9113a — 0.32440® 4 0.01766a® — 0.0004761a7 + . . .]
at
P, (a) = T [0.9583a? — 0.09361at + 0.003560a® — . . .
at
Q, (o) = ar [1.9466a — 0.3533a® + 0.01996a® — . . .}
aG
Py () = — BT {1.1232a2 — 0.1068a* + . . .]
]
Qs (@) = — 57 [2.11990 — 0.38580% + . . .]
ad ab
P, (o) = 8 [1.28160% — . . .], Q4 (@) = 8 [2.3946a — , . .]
The first approximation to the solution of equation (4.1) consequently takes the form
2w, 2 -
(1) — .
1 @) = g - asy D P @ 10 @] M @) 49)
m=0
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The second term in the curly brackets in equation (4.9) is the dynamic correction to

the solution of the corresponding static problem.

We consider now equation (4.2) with the kernel (4.4) and seek the solution in the first

approximation. Calculating the integral

&Kl (z, y) ydy = iyz (E‘%)l {% & -‘Tdt_—;gx G (0) J, (ayo) sin (ato) do } dy
0

0 iy 0

and changing the order of integration, we obtain
1 1 o]
: ——d | dt ‘ sin ag CO0S a0
= 2o\ o i —
&Kl (2, y) ydy = VI—= dxx e x’& G (0) sin (atc)( o X )da (4.10)
0 x 0

Applying the theory of residues to the calculation of the inner integral

o0
I, (@, ?) =S G (0) (5220‘)’;’ - COZ%G) sin (at0) ds
we find : '
Iy (@ 1) = [nc (sin a0, — 1_—:3:“&) sin (@o,t) -+
1
+ SV ©) <sin @ — :(%’ﬂ) sin (ato) ds] +
’ . 1 .
+ i[nc (cos wsy — 512::10) sin (aoyt) 4~ &V (@) (cos o — 81?1:0) sin (ato) ch
0

Expanding now the function I, (. ¢) in powers of ¢ and the a-dependent coefficients

of the resultant series in powers of a, we obtain

oo
L@t = 3 [Py (@) + iQ (@] ™ (4.11)
m=1
° (— )™ 1g2m1 O _ o (— ™ lg2m-1 &
P, (a) = w 2 ckm a2k-1, Q,, (@) = BTy 2 dk(m) g2k
k=1 b2
m (= DT smiok-2
* B m (mogy " + q2m+2k—2) (k3£1)
— k-1 ~
dk(m) o ( ) (nw°2m+2k 3+ q2m+2k—3)’ dl(m) -0

2k — 312k — 1)

Substituting for I, (a,¢) in (4.10) its expansion (4.11) and integrating, we obtain

1 [e e}

VE@ vy = Y 1P, @ + Q) @M, (@)

0 m==1

We quote the expansionsof the first few coefficients P:n (a) and Q:n(a) for

R =Yy (v = 1Y)
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° o
Py (a) = 1 [1.0068a — 0.23740® + 0.01331a® — 0.0003900a + . ..]

a
Q1 (o) = 1T [— 0.6371a2 4 0.06489%* — 0.0025240® 4 0.00005279a% — . . .}
o — ad
Py (a) = 37 [0.9495a — 0.239803® -+ 0.01560a® — 0.0004450a” 4+ . . .]
o - aa
Q2 (o) = 3 [— 0.6489a2 4 0.07066a* — 0.002851a® - . . .]

o ad
P3 (a) = 1 [0.9583a — 0.2808a® + 0.01780as — . . .]

o ab
Qs (@ = Z [—0.7066a2 + 0.07982a4 — . . .]

o —a’ ° —a?
Py (a) = I [1.12320 — 0.320403 4- . . .], Q4 () = =T [—0.7982a2 4 . . .]

The first approximation to the solution of equation (4.2) consequently takes the

form

8ap 2 Qe .
Hl(l) (z) = A= v) {1 — (g 2 [Pm (a) + iQm ((l)] }”m-l (z)} x
m=1

Here, as in (4.9), the second term is the dynamic correction to the solution of the
corresponding static problem. We note that in obtaining the subsequent approximations,
the same integrals will be encountered, except in place of sin ao/a o in the integrals
I(a,t)and, {a,t), there will be Jm+,/’ (ac) / (ag)™*'s,

Thus in principle the subsequent approximations are foundin a similar manner, but the
amount of calculation increases considerably.
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